Abstract: We present a new method for estimating the delay time of a minimum-phase system with delay. It is based on the Hilbert transform relationship between the log magnitude and the phase of a minimumphase system. An extrapolation procedure for the frequency characteristics is required to describe a discrete causal system which corresponds to the actual continuous system. The algorithm for the extrapolation is improved to stabilize the frequency characteristics, and further, bi-directional extrapolation procedure i s presented.
I. Introduction
A basic principle of the deIay time estimation using Hilbert transform has been proposed by one of the authors.'.') It is based on the Hilbert transform relationship between the log magnitude and the phase of a minimumphase system.
The main subject of the present paper is how to give the total frequency characteristics of a discrete causal system from a finite number of measurement data. It has been shown that the transformation matrix which transforms the lower half of frequency characteristics of a discrete causal system to the higher half exists uniquely, just as Hilbert transform transforms the real part of the frequency characteristics to the imaginary part thereof. However, ehis transformation is too sensitive to an additive non-causal noise for a practical use. Hence, we have introduced an extrapolation technique.') We, first, improve the extrapolation algorithm proposed before in order to stabilize the final result, and further, we present a new bi-directional extrapolation procedure for the band-limited measurement data.
Delay time estimation

Extrapolation procedure for the discrete causal system
Ln a real system, frequency characteristics ate expanded to inhk frequency range, but in a actual measurement, only a finite number of data within a finite frequency range are obtainable, as shown in circles in Fig. 1 . The band-limited system in general does not satisfy causality. But we can describe a discrete causal system by modifying the frequency characteristics obtained by measurement using extrapolation technique. k t
be the frequency characteristics, where Z ( k ) (k = 0, 1, ..., K / 4 -1) are given by measurement, and the complex con--776-1 B real p a r t Pig. 1: Real part and imaginay part of the frequency characteristics of a causal system. These are the Hilbert transform pair in a continuous system. Circles: frequency characteristics obtained by measurement.
jugate relations are assumed For negative frequencies, i.e.,
Z(K
Frequency characteristics Z ( k ) (IC = K / 4 , K / 4 + I, ..., K/2) are to be extrapolated. The procedure is as follows:
Results of extrapolation
An example of extrapolation is shown in Fig. 2 
Estimation of the delay time
By the extrapoIation procedure described above, the frequency characteristics are modified to satisfy the causality in the discrete system. Here follows the procedure far estimating the delay time.
1. Take the complex logarithm of Z(k):
2. Take the DHT of the log magnitude: H [ X ( k ) ]
3. Define the squared error:
where K' is a predetermined constant.
4.
Find minimum E' with respect to A, which gives an estimate of delay.
Figure 4 shows an example of the estimation of a delay time in a minimum-phase system with delay. 
Model of the porous material
In former sections, we have used a sound reffection system from the boundary of the porous material with the acoustic impedance: k: discrete frequency. n: given delays (x T,/16). Figure 7 shows the relation between actual and estimated delay. The unit of axes is T,. The estimation curve for oe =3M1 k has a periodical swell with the same period as the log magnitude shown in Fig. 6 . We can fit a regression line for the data as shown below.
where q and R are the tortuosity and the porosity of porous material, respectively, and q = S I 1 is assumed for simplicity. Furthermore, re is the flow resistivity of the material and it represents a wide variety of acoustic materials, i.e., ue = 10 k (SI units) represents a glass wool, oe = 300 k a grass land, and Q, = 20000 k an asphalt pavement.
Consideration for the estimation error
The estimated resuIt of the delay time is considered. "he n o d incidence refrection characteristics is shown in Fig. 5 for the porous material with the flaw resistivity ut = 300 k. Let K = 64 in Eq.
(1). The frequency characteristics at IC = 1 through 16 are given (circles in Fig. 5) , and those at k = 17 through 32 are to be extrapolated. When the sampling frequency is assumed to be 20 kHz, the frequency range will be 0 -5 kHz for k = 1 -16, and 5 -10 kHz for The error between the regression line and the estimated result for ce =300 k is shown in Fig. 8 . The error lies in the range (-0.2, +0.1) T,. Substituting z = 0 in Eq. (13), we obtain the time origin y = 0.13Ts = 6 . 8~8 . Since the maximum value of the error is 0.2 Ts, the regression analysis reduces the error by half. The estimated result fur ce = 30 k is also shown in Fig. 7 , where the estimation error at the time origin is about 9ps. 
Comparison with the cross-correlation method
"he cross-correlation method is a general technique for estimating delay time. A computational analysis for the similar experiment as described above is shown in Fig. 9 . A porous model with ue = 300 k is used, and the test signal is assumed to be band limited to 5 kHz. The resuIt shows that the estimation error is about 4 9~3 , and is 7 times as large as the error obtained by the proposed method. 
4, Bi-directional extrapolation procedure
So far we have assumed that the frequency characteristics are available in the law frequency range. However, transmitters used for acoustical measurements, especially in the range of ultrasonic, have generally narrow-band frequency characteristics. Sa we must extrapolate the frequency characteristics not only to the higher frequency range but also to the lower frequency range.
Extrapolation procedure
The bi-directional extrapolation procedure is quite similar to the extraplatian procedure described above. We 
Considerations for the estimation error
Similar considerations are made as described in Section 3.2.
We assumed that the frequency characteristics in the range 2.5 -7.5 kHz are given by measurement and those in the ranges 0 -2.5 lrHz and 7.5 -10 kHz are to be extrapolated. Figure 11 shows the relation between actual and estimated delay for the bi-directional extrapolation. A regression line fitted for the data is written as
The error between the regression line and the estimated result is shown in Fig. 12 . The error lines in the range (O.15,+0.D5)T8. Substituting 2 = 0 in Eq. (171, we obtain the time origin y = 0.14T, = 7.31-19. The estimated result for re = 30 k is also shown in Fig. 12 , where the estimation error at the time origin is about 8.5~9. We find that these estimation errors are comparable with those shown in Section 3.2. 
Comparison with cross-correlation method
A similar discussion described in Section 3.3 is also made.
A porous model with ue = 300 k is used, and the test signal is assumed to be band-pass filtered with the frequency range 2.5 -7.5 kHz. n e estimation exror is found to be about 2 7~3 , and is 4 times as large as the error obtained by the proposed method.
Discussions
Conclusions
The extrapalation procedure for the frequency characteristics are presented with the new stabilizing technique which stabilizes the extrapolation against possible noncausal noise. The delay time estimation is achieved with the accuracy 7 rimes as high as that by the conventional crosscorrelation method. The new extrapolation method, the bidirectional extrapolation method, is also presented. This method can be applied to the delay time estimation using a narrow-band test signal, especially in the region of ultrasonic.
